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C H A N N E L  F L O W  O F  AN A N I S O T R O P I C A L L Y  C O N D U C T I N G  M E D I U M  IN A ZONE 
O F  E N T R Y  I N T O  A M A G N E T I C  F I E L D  
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Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  VoI .  8,  No.  5,  pp .  9 - 1 3 ,  1967 

A considerable number of papers are devoted to the problem of 
the deformation of a plane flow of a conducting liquid moving 
through a channel lxl < ~, 0 _< y _< h = const in a zone of entry into 
a magnetic field B = (0, 0, B. ~ (x)), where ~(x) is the Heaviside unit 
function(~(x) = 0 for x < 0 and ~(x) = i for x > 0). Apparently the 
first paper in this direction was that of Shercliff [1, 2] in which the 
asymptotic (for x .o- ~)profi le  of a perturbed velocity was. determin- 
ed for a flow of an isotropic conducting liquid in a channel with non- 
conducting walls. The flow considered by Shemliff takes place in 
magnetohydrodynarnic flowmeters. Complete calculation of the per- 
turbed flow of an isotropie conducting liquid in the channel of a mag- 
netohydrodynamic generator is carried out in [3]. Asymptotic velocity 
profiles in the channel of a magnetohydrodynamic generator, with 
ideally segmented electrodes and the flow of an anisotropically con- 
ducting medium along them, were found in [4]. General formulas 
for the calculation of the asymptotic velocity profile, from the known 
disl~ibution of the perturbing forces along the channel, are presented 
in [5]. In [6, 7] the Green function is proposed for the solution of the 
equation for the stream function of the perturbed flow. Finally, in 
[8], the solution for the perturbed flow of an anisotropically con- 
dueting liquid in a channel with continuous electrodes is described 
by means of the Green function, and the asymptotic profiles of the 
velocity are calculated. 
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F i g .  1 

In this paper the flow of anauisotropically conducting liquid is 
determined in a channel with ideally segmented electrodes. The 
solution is set up with the aid of the Fourier method. The resulting 
series, in which the slowly converging part can be related to the 
asymptotic profile [4] calculated from the solution of an ordinary 
differential equation, make it possible to determine the velocity 
field rapidly. A detailed deformation pattern of the velocity pro- 
file is set up. Certain general properties of the flow in a zone of 
entry into a magnetic field are noted; with the aid of these it is poss- 
ible to discover the error in the calculations [8]. 

L e t  us  c o n s i d e r  t h e  f l ow o f  an  i n c o m p r e s s i b l e  (p = 

= c o n s t )  l i q u i d  in  a c h a n n e l  Ix l<  ~o, 0 -< y -< 1 w i t h i n  a 
t r a n s v e r s e  m a g n e t i c  f i e l d  b (x)  = rT(x). T h e  f l o w ,  w h i c h  
i s  n o t  p e r t u r b e d  b y  t h e  m a g n e t i c  f i e l d ,  i s  a s s u m e d  to  

b e  h o m o g e n e o u s :  p = ( 1 , 0 ,  0), p =P0  = e o n s t ,  w h i l e - t t a e  
m a g n e t i c  R e y n o l d s  n u m b e r s  a r e  s m a l l .  S u c h  a f l o w  
is  d e s c r i b e d  b y  t h e  f o l l o w i n g  s y s t e m  of  e q u a t i o n s  : 

Ou Oy Op Ou Os 
u-ff~ ~ v.--~y ~ - -  - '~- ~ N b j u ,  .-~- ~- --~y = O , 

i 0r Otp 

= = 1 O~ ~ - ~ ~ O, jy ~ I oy 

a~ (2) 

In  s y s t e m  (1), (2) t h e  l o n g i t u d i n a l  a n d  t r a n s v e r s e  
v e l o c i t i e s  u a n d  v ,  t h e  p r e s s u r e  p ,  t h e  m a g n e t i e  f i e l d  

b ,  t h e  c o o r d i n a t e s  x and  y,  t h e  c u r r e n t  j a n d  t h e  p o -  

Y 

. 
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t e n t i a I  ~0 a r e  r e f e r r e d  to  t h e  v e l o c i t y  U t h a t  i s  a v e r -  

a g e d  a c r o s s  t h e  s e c t i o n ,  to  t h e  v e l o c i t y  h e a d  p U  2, to  
t h e  c h a r a c t e r i s t i c  f i e l d  B . ,  to  t h e  h e i g h t  h of  t h e  c h a n -  

n e l ,  a n d  to  t h e  q u a n t i t i e s  a U B . / c  a n d  U B . h / c  r e s p e c t -  

i v e l y .  T h e  s c a l a r  c o n d u c t i v i t y  cr a n d  t h e  d i m e n s i o n l e s s  

H a i l  p a r a m e t e r  /3 (e a n d  m a r e  t h e  c h a r g e  a n d  m a s s  

o f  an  e l e c t r o n ,  7 i s  t h e  a v e r a g e  t i m e  b e t w e e n  e l e c t r o n  

c o l l i s i o n s ,  c i s  t h e  v e l o c i t y  of  l i g h t  in v a c u u m )  a r e  

a s s u m e d  to  b e  c o n s t a n t .  

I f  t h e  p a r a m e t e r  N of  m a g n e t o h y d r o d y n a m i e  i n t e r -  
a c t i o n  i s  s m a l l ,  t h e  s o l u t i o n  of  s y s t e m  (1), (2) by  t h e  

Y 
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Fig. 3 

g e n e r a l l y  u s e d  m e t h o d  c a n  b e  s o u g h t  in  t h e  f o r m  of  
t h e  f o l l o w i n g  s e r i e s :  

u = i + N u  1 q- . . . .  v = N v l  + N ~ v ~  + . . . ,  

P = P o  + N P l  + ' " ,  

J = Jo q- Njz -1- . . . .  ~p = q% +N(pz  -}- . . . .  (3) 

T h e  d i s t r i b u t i o n  o f  t h e  e l e c t r i c  c u r r e n t  J0 a n d  t h e  

p o t e n t i a l  % in  t h e  z e r o t h  a p p r o x i m a t i o n  i s  f o u n d  f r o m  
s y s t e m  (2) in  w h i c h  w e  m u s t  p u t  v = 0, u = 1. T h e  
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known s o l u t i o n s  of s u c h  a s y s t e m  a r e  l i s t e d  in [9, 10]. 

The  p e r t u r b a t i o n s  (of f i r s t  o r d e r  of  s m a l l n e s s )  of t he  
g a s d y n a m i c  p a r a m e t e r s  a r e  d e t e r m i n e d  f r o m  the  s y s -  

t e m  

Ou~ t- ap~ bjvo ' ~ _1_ Opl __ bj~o ' 
Ox " Ox : O x - -  Oy = 

Ou~ Ov~ 
OZ ~- ~ "  = 0 )  U 1 = V l  = 101 = 0 (x-,  --  oo). (4) 

F o r  the  s t r e a m  func t ion  $(x, y), f r o m  (4) wi thou t  
any d i f f i cu l ty  we  f ind the  equa t i on  

db 
Ox'~ - -  ay* ~ ]xo -~x d x  

---- ~ , ~ = - - - ~ )  , 

r (x, o) = r (x, i )  = o, 

[r  l ~ C = e o n s t  (x -~r  

E q u a t i o n  (5) was  g iven  by  S h e r c l i f f  [2]. 

(5) 

If b(x)  : ~(x),  t he  i n t e g r a l  on t h e  r i g h t  s i d e  of Eq .  

(5) equa l s  ix0(0, y) f o r  x > 0; i t  i s  z e r o  f o r  x < 0 and 

A ~ = 0  (z<0),  A@=]~0(0, y) ( z>0 ) .  (6) 

Solu t ion  (6) i s  sough t  in the  f o r m  of the  s e r i e s  

co 

~p = ~ ap~ ~ (x) sin k ~ y  (x < 0), 
k==0 

co 

~P : ~3 ~P~~176 (x) sin kr~y (~ > O) ; 

T h e  c o e f f i c i e n t s  r and ~ ,  in a c c o r d a n c e  wi th  (6), 

s a t i s f y  t he  e q u a t i o n s  

~~162176 (x~0), 

r176 (o) = ~ -  (o), ~~ (o) = r (o). (7) 

(]=0 (0, y) : ~ l~ sinkny,  

] 7 ~ = 2 i j ~ : o ( O , y ) s i n k n y d y  ) . (8> 
o 

The  b o u n d a r y  c o n d i t i o n s  a t  the  point  x = 0 a r e  o b -  
t a i n e d  f r o m  the  c o n d i t i o n  of c o n t i n u i t y  f o r  t he  v e l o -  

c i t i e s  u and  v w h e n  x = 0. At in f in i ty  (Ixl - -  ~ )  the  

func t i ons  ~ and r m u s t  be f i n i t e .  
A f t e r  so lv ing  (7) we  f ind 

co 

h =1 ~ e s l n  RY~y, 

co 

Ul=--~d~kel"- 'Xcosk~y,  

~>0 

~p : __ ~ ]k e-::=x . (2 --  ) sm kz~y , 

co ]k  �9 ~x ,  �9 

u, = -  ~ ~--~ (2--e .... ) COS/~ny . (9) 

We d r a w  a t t e n t i o n  to the  fac t  that  to c a l c u l a t e  the  

v e l o c i t y  f i e l d  fo r  b(x) = ~?(x) we m u s t  know o n l y  the  
quan t i ty  Jx0(0,y).  Th i s  is  e x p l a i n e d  b y t h e c i r c u m s t a n c e  

t h a t ,  owing  to t he  c o n s e r v a t i o n  of the  e l e c t r o m a g ~ a e -  

t i c  f o r c e  on the  l e f t  and on the  r i g h t  of t he  s e c t i o n  x = 

= 0, the  v o r t i e i t y  w = 0 v l / 0 x  - 3 u l / 0 y  is  z e r o  f o r  x < 
< 0 and is  m a i n t a i n e d  a long  the  s t r e a m l i n e s  (which in 
t h e  z e r o t h  a p p r o x i m a t i o n  c o i n c i d e  wi th  the  s t r a i g h t  

l i n e s  y = c o n s t )  fo r  x > 0. But the  v a r i a t i o n  of t he  v o r -  

t e x  on the  l ine  y = c o n s t  in the  s e c t i o n  x = 0 equa l s  
- jm(0 ,  y). T h u s ,  t he  d i s t r i b u t i o n  of the  v o r t e x  o v e r  

t he  e n t i r e  c h a n n e l  (and h e n c e ,  o v e r  t he  v e l o c i t y  f i e ld )  
b e c o m e  known,  if  the  ax ia l  c u r r e n t  jx0(0,y)  is  g iven .  

M a t h e m a t i c a l l y  t h i s  i s  shown  in Eq.  (6). 
The v e l o c i t y  of f low u~(~o, y) = ul+(y) f o r  x 

- -  % a c c o r d i n g  to (9), i s  e x p r e s s e d  by  the  f o r m u l a  

ul + (y) = - -  ~ ~ cos k a y .  (10) 

But f r o m  (8) we  have  

Jxo (0, y) d y  : u t  + (y)  + - ~  . 
0 ~.~1 

(11) 

Taking  in to  acco u n t  the  c i r c u m s t a n c e  tha t  the  
v e l o c i t y  u +, a v e r a g e d  a c r o s s  t he  s e c t i o n  of t he  c h a n -  

ne l ,  i s  z e r o ,  f r o m  (11) we  ob ta in  

y 1 y 

Thus, the asymptotic profile of the velocity is determined bY 
means of elementary integration.The found function u+(y) can then 
be used to speed the ealeulatiom, since it (see [10]) replaces the 
slowly converging paIt in formula (9). 

We note that according to (12) u~(0) = u~(1), if the current 
Jx0 averaged for the section x -- 0 is zero. This condition is always 
satisfied, if the walls of the eharmel for x < 0 are nonconducting 
and jx0"-~ 0 forx --~ --~. Therefore the graph of the asymptotic velo- 
city given in [8], from which it follows that u~r(0) ~ u~(1) (al- 
though the above-mentioned condition is satisfied), is incorrect. 

It can also be shown that for a channel with nonconducting walls 
b e  quantity u~(0) = ul+(t) =ulw + equah q = Q(oB.ZhSUS/cS) "t, whe~re Q 
is the joulean dissipation in the channel, calculated from' the current 
distribution in zeroth approximation. 

We also note that, as follows from formulas (9), the axial velo- 
city at the sectXonx = 0 is smaller by a factor of two'than the velo- 
city for x -~ ~. 

Let us consider the flow of an anisotropic conducting liquid in a 
channel whose walls are ideally segmented electrodes for x > 0, with 
the condition iy = --(1 -- K) = eonst satisfied for them, and which are 
nonconducting for x < 0. The quantity K -< i represents a load param- 
eter. 

The disttibution of electtie currents in such a charmel for b(x) = 
= ~](x) is found in [11]. The quantity jx0(0,y) is represented by the 
formula 
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K_. 2 .~y 1-2v 

t 2 
v = - - ~ - a r e t g ~ -  ( 0 ~ 0 ~  

K ~y 
ixO(0, y ) = - ~ l n t g  W ( ~ : 0 ) .  (in) 

For K = 0 the solution corresponds to the conditions of a short 
circuit; for K = 1 it corresponds to the conditions of idling, where 
the distribution of electric current becomes the same as in a channel 
with nonconducting walls. 

The Fourier coefficients (8) corresponding to this current distri- 
bution were found by numerical integration. 

We present certain results of the calculation for the ease K = 1. 
The velocity profiles at the section x = -0. 1 for various ~ are shown 
in Fig. 1. For ~ ~t 0 the flow ceases to be symmetric about the axis 
y = 1/2. The derivatives 0ul/0y on the walls are zero. This is con- 
nected with the fact that the vorticity w is zero for x < 0, while on 
the walls ~o = -0ul/0y. 

The profiles ul(0 , y) and ul(0.5, y) are shown, respectively, in 
Figs. 2 and 3. As was shown earlier, ul(0,y) = 0.5u~(y), where 
uz+(y) is the asymptotic velocity lXOfile. For x > 0 the derivative 

0uJ0y on the lower wall passes to infinity. This is explained by the 
fact that oAx, 0) = -jx0(0, 0) -- +*~ for x > 0. Since w(x, 1) = 
= -jx0(0, 1) ;~ ~ for B ~ 0, the derivative 0u I/0y on the upt~er wall is 
finite. As the Hall parameter increases, the velocity perturbations 
decrease in absolute value. Figure 4 shows the velocity distribution 
along the upper and lower walls. For.x m l:the quantity u 1 hardly 
differs from its asymptotic value u~ +. We note, however, that as 
the Hall parameter ~ increases, the convergence to asymptotic 
values becomes slower. 

Since on the walls jy -- 0 (for K = 1), in accordance with the 
first equation in (4), we have Pl = --ux for y = 0 and y = 1. Thus the 
pressure losses in the channel equal pt (*~ = -u+(0) = -utw +. ]'he 
quantity uzw + , as was shown above, equals the dimensionless joul- 
ean dissipation q. The relationship q(~) is shown in Fig. 5. Here the 
dashed line shows the function q(B) obtained in [12], in which, in 
contrast to [11], the electric field in a channel with nonconducting 
walls was calculated by the Fourie method. The divergence of the 
curves is apparently explained by the insufficient accuracy of the 
calculations in [12]. (In [12] the problem is reduced to the solution 
of an infinite system of algebraic equations which is replaced by a 
finite system of the same order for all B. At the same time we know 
that, as a rule, the convergence of various approximate methods is 
impaired as B increases. ) 

If K ~ 1, on the walls p~ = --u I for x < 0 and Pl = --ut - (1 - K)x 
for x > 0. Inthe region of asymptotic flow pl + =--ul+(0) -- (1 -- K)x. The ' 
quantity u +(0) in this formula is K times smaller than that given in Fig. 5. 
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